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Definition. An ind-variety.is a set X together with an ascending filtration X; C
Xy C --- C X such that:

(1) X = Upen Xn,
(2) X} has the structure of an algebraic variety for all £ € N,

(3) X C Xy is closed.
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Theorem 1.1 (Lemma 4.3, Corollary 4.4). Let X be an irreducible variety. There
exists a countable sequence of varieties Hy and morphisms mq: Hg — Bir(X) for
d > 1 such that the following is satisfied:

(1) The morphisms 74 are closed maps and the Zariski topology on Bir(X) is the
inductive-limit topology with respect to the filtration by the closed algebraic sub-
sets m1(Hy) C mo(Hz) C -+ - C Bir(X).

(2) Let V' be a variety and p: V — Bir(X) be a morphism. Then there exists an
open covering (V;)ier of V' such that for each i the restriction of p to V; factors
through a morphism of varieties V; — Hg, for some d; > 1.
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Theorem 1.2 (Corollary 5.4). The image of a constructible subset under a mor-
phism to Bir(X) is again constructible.
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Theorem 1.3 (Proposition 6.1). Let G C Bir(X) be a finite-dimensional, closed,
connected subgroup. Then G has a unique structure of an algebraic group.
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Theorem 1.6 (Proposition 7.5, 7.8). The homomorphisms Bir(X,7) — Bir(Y)
and Bir(X/Y) — Bir(Xg) are continuous.
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Theorem 1.3. Let X be an irreducible variety of dimension n and let G C Bir(X)
be a connected solvable subgroup. Then G has derived length at most 2n. Moreover,

of G has derived length 2n, then X is birationally equivalent to P™ and G is conjugate
to a subgroup of B,,.
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Corollary 1.4. For every n > 2, the Cremona group Bir(P™) admits Borel sub-
groups of distinct derived length. In particular, Bir(P™) contains Borel subgroups
that are non-conjugate to the standard Borel subgroup.

) dale ~ g ?me; Low él? Fo/ﬂol/,



Sonme ideas +hal 50 I’n)[o Lhe proo‘fs

(Ros c_m/t‘c,Lu[ q_mollseﬂ)lﬁ '

Definition 3.1. Let G C Bir(X) be a subgroup. A morphism 7: X — Y is called
a geometric quotient for G, if 7 is surjective, open, its fibres are G-orbits, and for

~

every open subset U C Y the morphism 7 induces an isomorphism Oy (U) —
Ox (7= 1(U))% to the G-invariant functions on 7~(U). A morphism mp: Xg — Y
is called Rosenlicht quotient for G, if X, is an open, dense G-stable subset of X
and 7y is a geometric quotient for G.

Theorem 3.3. Let G C Bir(X) be a subgroup that is generated by irreducible
algebraic subsets of Bir(X), where each of them contains idx. Then G admits a
Rosenlicht quotient with irreducible fibres and k(X)% is algebraically closed in k(X).
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Proposition 4.2. Let 0 € Bir(X/Y). Then ok € Birg(Xk) is unipotent if and
only if o € Bir(X/Y) is unipotent.
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Theorem 6.1. Let G,H C Bir(X) be closed connected commutative non-trivial
subgroups. Assume that G normalizes H and that H s covered by countably many
G-conjugacy class closures. Then Bir(X) contains unipotent elements that are dif-
ferent from the identity and commute with H.
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