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X variety2 Bir (x)

Thm (RUrS) : If Bir(X) = Bir(IP")
T

then X is birationalI to P"
.

as groups

Cantat ; Cantat-Xie : 38 dimXEU
and Bir (X) = Bir (IPP)
=> X -= IP"

.

Im (RUUS) : If Bir (X) = Bir (P'x )

for some y
,
then X is

birational to IP'x Z for

some z .



The (Filipkiewicz ,
82) : M

,
N Smooth

manifolds. If Diff(M) = Diff(N),
then MEN.

Thm (Whittaker
,
'62) : M

,
N compact

manifolds. If Homeo (M) = Homeo(N),
then MIN

Thm (Cantat
, Regeta , Xie '23) :

X affine variety s
.
%
.

Aut(X) =Ant(k)
,

then XE/A"
.



Algebraic families of birational

transformations

"Bir(X) can be seen as 0-dim'e

"

generalizations of als, gaps.

W
-

O : VXX - .... > UxX raiely

(v
, x) ---- C (v, Oz(v , x)
-Oln : U -- W

16 es

V+X UtX

s . t . U and N surject to V
.

-> So : V -> Bir(X)

morphisms.

Zariski top . on Bir() is the

finest topology sit. all morphisms

are continuous .



Question : Is there some

universal structure on

Bir (X) ?

Ex : . X proj -> Auf(x)
-

group scheme

·X affine -> Aut(X) is
an ind-group



An ind-sop. is a grp. object

in this category.

Blanc-Furter : Bir (PP) is not

an ind-group.

Hanamura : Consider Bir(X)

as an open subset of

Hilb(X xx)

-> scheme structure on Bir(X

· only parametrizes flat families

of biraf't frams f



r--> Bir(t):
11

UVi He ....
Ur

Mz(H2)
Vi
- Ha -> VI

Hi-> I
, (H ,)



G alg . grp

3 : G -> Bir(X) morphism

that is also

group homomorph

then S(G) is an als group

in Bir (X).



T : A -> Y dominant morphism

Bir (X , π) Bir() subgup . of ell

preserving this

fibration.

Bir(X/y) < Bir(X) subgup . of
It-invariant

elements

group hom
.

Bir(X , i) -> Bir(Y)

k = πy) Xk geometric generic

Liber ofi

group hom
. Bir (X/) -> Bir (Xk)



Borel subgroups of Bir (X)
(

Ref: A Borel subgroup of Dir(A)

is a maximal connected solvable

subgroup.

Ex : Standard Borel By E Bir(IP")
-

subsup . of elts of the form

(x
, , ..., n) - (4 ,

04
,
+ d
, ......

Calas,.-)Cn

-

+ da (
,-. (n-1)

Popor

Bu has derived length In.



C
Furter-Heden classified Bore /

subgroups of Bir//P2).

-> answers question by Popor,



Some ideas that go into the proofs

Rosenlicht quotients :

Mix G ." X either E

has dense orbit

or x -> Y
I

"nice" F
notient

and G has denie or bit XK



Descent of unipotent elements

Def: 96 Bir(X) is pent

if it is contained in E

unipotent als. Subgrp

π : + + Y dominant morphism

k = kTY) Xk geom. generic

Liber of i

Bir(X(y) ( Bir(Xk)

Ex ? π : A -> Al
-

(x , y) +> y

4 : (x , y) +>(f(y)x , y)

= k(y)
*

P inKis Birk(/'k)
but 4 in

contained in aly, group. 1 in Bir (A)
not contained in als gap.



4 : (x , y)( > (x + f(y) , y)

TK is unipotent in Bir/#'k)
C is unipotent in Bir (AP).



Existence of unipotent elements

↳ m & Ga



Rough strategy of pf of main

theorem :

4 : Bir (IP") => Bir(t)
T Un

grp is o .

To
M n

/
↑ Translations

Towns

My U(Tn) U(Tru) are

V Ulclosed in Bir(x)

((T)
:

and 4 (Tr)

have countable index

=> U (Trn)" & 4(Th)"
a uncountable

are non-trivial .

apply prop.

=> KCTrn) contains unipolent

elements.

is ..... X- ↑".



Question : Does Bir (A)

detect rationality

if we work

over Oh ?


